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On projective group properties
of the 6D H-space of the type [33]
Zolfira Zakirova†
Abstract
In this note we find the metric of 6-dimensional h-space of the [33] type and then
determine an important projective group characteristic of this h-space.
1 Introduction
The problem of defining 2D Riemannian manifolds which admit projective motions, i. e.
continuous transformation groups preserving geodesics dates back to S.Lie who considered
it in [K]. In more recent times, that was A.V.Aminova who has got a complete solution to
this problem [A90]. For the Riemannian manifolds of dimension greater than 2 the same
problem has been solved by G.Fubini [F] and A.S.Solodovnikov [S].
In the later paper, [A95] A.V.Aminova has classified all the Lorentzian manifolds of di-
mension ≥ 3 that admit nonhomothetic projective or affine infinitesimal transformations.
In each case, there were determined the corresponding maximal projective and affine Lie
algebras.
In this paper we continue to investigate this problem and study the 6-dimensional
pseudo-Riemannian space V 6(gij) with signature [+ +−−−−], and, particularly, the h-
space of the type [33]. The general method of determining pseudo-Riemannian manifolds
that admit some nonhomothetic projective group Gr has been developed by A.V.Aminova
[A95] and has got a detailed account in the paper by the author [Z] for the h-space of the
type [51].
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2 The metric of the type [33] h-space
In order to find the h-space admitting a nonhomothetic infinitesimal projective transfor-
mation, one needs to integrate the Eisenhart equation
hij,k = 2gijϕ,k + gikϕ,j + gjkϕ,i, (1)
which, in the skew-normal frames, is of the form [A95]
Xrapq +
n∑
h=1
eh(ahqγh˜pr + aphγh˜qr) = gprXqϕ+ gqrXpϕ (p, q, r = 1, . . . , n), (2)
where Xrϕ ≡ ξ
r
i ∂ϕ
∂xi
, γpqr = −γqpr = ξ
p
i,jξ
q
iξ
r
j , ξ
i
j are the components of skew-normal
frames, gpr and apq are the canonical forms of the tensors gpr, apq, respectively. For the
type [33] h-space these latter have the following form [P]
gijdx
idxj = e3(2dx
1dx3 + dx2
2
) + e6(2dx
4dx6 + dx5
2
), (3)
aijdx
idxj = e3λ3(2dx
1dx3 + dx2
2
) + 2e3dx
2dx3 + e6λ6(2dx
4dx5 + dx5
2
) + 2e6dx
5dx6,
where e3, e6 = ±1 and λ3, λ6 are the roots of the characteristic equation det(hij−λgij) = 0.
Here hij = L
ξ
gij , the Lie derivative of the metric gij in the direction of vector ξ
i gives the
projective motion xi
′
= xi + ξiδt.
Substituting in (2) the canonical forms gpr and apq from (3) and taking into account
that for the type [33] h-space e1 = e2 = e3, e4 = e5 = e6, 1˜ = 3, 2˜ = 2, 3˜ = 1, 4˜ = 6,
5˜ = 5, 6˜ = 4, one gets the following system of equations
Xrλ3 = 0 (r 6= 3), Xrλ6 = 0 (r 6= 6),
X3(λ3 − 2/3ϕ) = X6(λ6 − 2/3ϕ) = 0,
γ213 = 1/2e3X3λ3, γ312 = γ321 = −e3X3ϕ,
γ546 = 1/2e6X6λ6, γ645 = γ654 = −e6X6ϕ,
γ163 = γ262 = γ361 =
e3X6ϕ
λ3 − λ6
, γ263 = γ362 = −
e3X6ϕ
(λ3 − λ6)2
,
γ346 = γ355 = γ364 =
e6X3ϕ
λ3 − λ6
, γ536 = γ635 = −
e6X3ϕ
(λ3 − λ6)2
,
γ363 =
e3X6ϕ
(λ3 − λ6)3
, γ366 =
e6X3ϕ
(λ3 − λ6)3
.
(4)
All others γpqr are equal to zero.
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The system of linear partial differential equations
Xqθ = ξ
q
i∂iθ = 0, (q = 1, . . . ,m, i = 1, . . . , 6),
where ξ
q
i are the components of skew-normal frames, is completely integrable if and only
if the following conditions are fulfilled (see [E], p. 143)
(Xq,Xr)θ = XqXrθ −XrXqθ =
6∑
p=1
ep(γpqr − γprq)Xp˜. (5)
Using formulas (4) and (5), one can write the commutators of the operators Xi (i =
1, . . . , 6) in the h-space under consideration,
(X1,X2) = (X1,X4) = (X1,X5) = (X2,X5) = (X4,X5) = 0,
(X1,X3) = e2(γ213 − γ231)X2, (X1,X6) = −e3γ361X1,
(X2,X3) = e1(γ123 − γ132)X3, (X2,X6) = −e3γ362X1 − e2γ262X2,
(X3,X4) = e6γ634X4, (X3,X5) = e6γ635X4 + e5γ535X5,
(X3,X6) = −e3γ363X1 − e2γ263X2 − e1γ163X3 + e6γ636X4 + e5γ536X5 + e4γ436X6,
(X4,X6) = e5(γ546 − γ564)X5, (X5,X6) = e4(γ456 − γ465)X6.
(6)
From these relations it follows that the systems Xpθ = 0 (p 6= 3) and Xrθ = 0 (r 6= 6) are
completely integrable, their solutions being θ3 and θ6 respectively. The systems X1θ =
Xαθ = 0 (α = 4, 5, 6), X4θ = Xβθ = 0 (β = 1, 2, 3), Xαθ = 0 and Xβθ = 0 are also
integrable. The first system have solutions θ2, θ3, the second system – θ5 and θ6, the
third system – θ1, θ2, θ3 and fourth system have solutions θ4, θ5 and θ6. After coordinate
transformation xi
′
= θi(x), one gets
ξ
s
i = Ps(x)δs
i, ξ
2
3 = ξ
2
α = ξ
3
α = ξ
5
β = ξ
5
6 = ξ
6
β = 0, (s = 1, 4). (7)
Now integrating the system of equations (6) with using (4) and (7), one can find the
components ξ
i
j of skew-normal frames. Using these results and the formulas [A95]
gij =
n∑
h=1
ehξ
h
iξ
h˜
j, ξ
h
i = gijξ
h
j , aij =
n∑
h,l=1
ehelahlξ
h˜
iξ
l˜
j (8)
we can calculate the components of tensors gij and aij . Then we come to the following
Theorem 1. If a symmetric tensor hij of the characteristics [33] and a function ϕ
satisfy in V 6(gij) equation (1), then there exists a holonomic coordinate system so that
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the function ϕ and the tensors gij , hij are defined by the formulas
gijdx
idxj = e3(f6 − f3)
3{(dx2)2 + 4Adx1dx3 + 2(ǫx1 − 2AΣ1)dx
2dx3+ (9)
((ǫx1)2 − 4ǫx1AΣ1 + 4A
2Σ2)(dx
3)2}+ e6(f3 − f6)
3{(dx5)2 + 4A˜dx4dx6 + 2(ǫ˜x4+
2A˜Σ1)dx
5dx6 + ((ǫ˜x4)2 + 4ǫ˜x4A˜Σ1 + 4A˜
2Σ2((dx
6)2},
aijdx
idxj = ǫx3gi1j1dx
i1dxj1 + 2g13dx
2dx3 + 4Ag22(ǫx
1 −AΣ1)(dx
3)2+ (10)
(ǫ˜x6 + a)gi2j2dx
i2dxj2 + 2g46dx
5dx6 + 4A˜g55(ǫ˜x
4 + A˜Σ1)(dx
6)2,
ϕ =
3
2
(f3 + f6) + c, (11)
hij = aij + 3(f3 + f6 + c)gij , (12)
where f3 = ǫx
3, f6 = ǫ˜x
6 + a, ǫ, ǫ˜ = 0, 1, c and a are some constants, a 6= 0 when ǫ˜ = 0,
i1, j1 = 1, 2, 3, i2, j2 = 4, 5, 6, ei = ±1,
A = ǫx2 + θ(x3), A˜ = ǫ˜x4 + ω(x6), Σ1 = 3(f6 − f3)
−1, Σ2 = 3(f6 − f3)
−2, (13)
θ(x3), ω(x6) are arbitrary functions, θ(x3) 6= 0 when ǫ = 0 and ω(x6) 6= 0 when ǫ˜ = 0.
3 Projective group characteristics of the
6-dimensional type [33] h-space
To move further, we need a necessary and sufficient condition of the constant curvature of
the h-space under consideration. This condition is known to be expressed by the formula
Rijkl = K(δk
igjl − δl
igjk), K = const. (14)
Calculating the components of curvature tensor of our h-space, we observe that the
nonzero components R
ap
νbpµ
(bp 6= µ, ap < bp) of the curvature tensor, R
a1
5a16
, Ra1
6a15
,
Ra1
6a16
, Ra2
2a23
, Ra2
3a22
, Ra2
3a23
(p = 1, 2, a1, b1 = 1, 2, 3, a2, b2 = 4, 5, 6, ν and µ are the in-
dices of nonzero components of metric gνµ, (9)) are proportional to ǫ or ǫ˜. In particulary,
R2123 =
3ǫ2
8A
, R5456 =
3ǫ˜2
8A˜
. Now one can derive from (14) that R2123 = R
6
163 and R
5
456 = R
3
436
which implies ǫ = ǫ˜ = 0. Obviously, when ǫ = ǫ˜ = 0, all the components of curvature
tensor of the h-space we consider are equal to zero.
Let us now prove the following theorems
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Theorem 2. The defining function of projective motion in the type [33] h-space of non-
constant curvature is φ = a1ϕ, where a1 is a constant and ϕ is determined by (11).
Proof. Suppose we are given with a vector field ξi that gives the projective motion with
the defining function φ in the h-space of the type [33]. Then, for the tensor bij = L
ξ
gij the
following Eisenhart equations are fulfilled
bij,k = 2gijφ,k + gikφ,j + gjkφ,i. (15)
Their integrability conditions are
bmiR
m
jkl + bmjR
m
ikl = gikφ,jl + gjkφ,il − gliφ,jk − gljφ,ik. (16)
Let us show that for any projective motion in the type [33] h-space the following conditions
are satisfied
bαβ = 0, φ,αβ = 0, (17)
α, β being indices of the components gαβ of the metric (9) equal to zero. To prove that
b11 = φ,11 = 0, set (ijkl) = (1212), (1416) and (1516) in (16). Then, one gets
b11R
1
212 = −g22φ,11, b11R
1
416 = −g46φ,11, (18)
b11(
R1212
g22
−
R1516
g56
) = 0. (19)
Since R1416 = 0 and g46 6= 0, we get φ,11 = 0. Then, from (18) it follows that b11 = 0,
since R1212 6= 0. Similarly one can get the other equalities (17).
Now, from (15) with (ijk) = (166), (266), (433), (533), (346) and (613) and taking
into account (17), one obtains
φ,1 = φ,2 = φ,4 = φ,5 = 0,
φ,3 =
3
2
ǫ
f6 − f3
(
b46
g46
−
b13
g13
), φ,6 =
3
2
ǫ˜
f6 − f3
(
b46
g46
−
b13
g13
).
Comparing the last two formulas one finds
ǫ˜φ,3 = ǫφ,6. (20)
Then, from the equality φ,36 = 0 it follows that ∂36φ = 0. If ǫ˜ 6= 0, differentiating (20)
w.r.t. x3 gives ∂33φ = 0. If ǫ˜ = 0, then ǫ 6= 0, since we consider the space of nonzero
curvature. In the case of ǫ˜ = 0 and ǫ 6= 0, the relation ∂33φ = 0 is obtained from (16)
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with (ijkl) = (3312), (3436). One also can analogously show that ∂66φ = 0. Integrating
the equation obtained, one finally finds
φ =
1
2
a1
6∑
i=1
fi = a1ϕ, f1 = f2 = f3 = ǫx
3, f3 = f4 = f6 = ǫ˜x
6 + a, (21)
where ϕ is determined by formula (11).
Theorem 3. Any covariant constant symmetric tensor bij in the 6-dimensional type [33]
h-space of nonzero curvature is proportional to the fundamental tensor
bij = a2gij , (a2 = const). (22)
Proof. Let bij in V
6 satisfy the equation
bij,k = 0. (23)
Integrability conditions for this equation follow from (16) with φ = const. Then, from
(17) one has
bαβ = 0. (24)
Note that for the proof of the theorem one suffices to show that bij = a2gij , where a2 is
a coefficient which is constant, due to the equation bij,k = 0 and parallelism of the metric
tensor.
Putting in equation (16) (ijkl) = (2223), (3312), (3331), one finds
b22R
2
223 − b23R
3
232 = 0, b13R
1
312 − b23R
3
232 = 0, (25)
b13R
1
331 + b23R
2
331 + b33R
3
331 = 0.
From (23) with (ijk) = (436), (535). (536), (636) it follows that
f ′3(
b33
g33
−
b46
g46
) = 0, f ′3(
b33
g33
−
b55
g55
) = 0,
f ′3(
b33
g33
−
b56
g56
) = 0, f ′3(
b33
g33
−
b66
g66
) = 0.
(26)
If f ′3 6= 0, one obtains (22) from (25), (26) and (24). Otherwise, the wanted result follows
from (23) with (ijk) = (163), (262), (263), (363) and from (16) with (ijkl) = (5556),
(6645), (6664).
From this theorem, one immediately obtains
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Theorem 4. Affine group of the 6-dimensional type [33] h-space of non-constant curva-
ture consists of the homothetics.
This theorems and linearity of the Eisenhart equation give the general solution of
the Eisenhart equation in the type [33] h-space of non-constant curvature in the form
a1hij + a2gij with two arbitrary constants a1, a2,
hij = aij + (
6∑
k=1
fk)gij ,
tensors gij , aij being determined by (9) and (10).
Hence, one obtains
Theorem 5. All projective motion of the 6-dimensional type [33] h-space of non-constant
curvature are obtained by integrating the equation
Lξgij = ξi,j + ξj,i = a1aij + (a1
6∑
k=1
fk + a2)gij ,
where tensors gij and aij are determined by (9) and (10), and a1, a2 are constants.
It leads to the following important group characteristic of the type [33] h-spaces:
Theorem 6. If the type [33] h-space of non-constant curvature admits a nonhomothetic
projective Lie algebra Pr, then this algebra contains the subalgebra Hr−1 of infinitesimal
homothetics of dimension r − 1.
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